Abstract. Renormalization ideas can profitably be exploited in conjunction with the superposition principle of boundary conditions in the description of model independent and universal scaling features of the singular and long range Van der Waals force between neutral atoms. The dominance of the leading power law is highlighted both in the scattering as well as in the bound state problem. The role of off-shell two-body unitarity and causality within the Effective Field Theory framework on the light of universality and scaling at low energies is analyzed.
From Binding to Van der Waals forces
To provide a proper perspective it is interesting to recall the distance scales where we expect the dispersion forces to dominate. For simplicity let us consider the simplest H 2 molecule, which Hamiltonian in the CM frame and in the Born-Oppenheimer approximation, valid for heavy protons, m p ≫ m e , reads 2 H = H 1 + H 2 + V 12 (1) where the single atom hydrogen-like Hamiltonians are
with r 1 and r 2 the electron coordinates and
Defining r 1,± = r 1 ±r/2 and r 2,± = r 2 ±r/2, the solutions to Eq. (2) are ψ n (r 1,− ) and ψ m (r 2,+ ) where E n = −m e α 2 /2n 2 = −13.6eV/n 2 [17] so that for V 12 = 0 the total mirror symmetric molecular normalized wave function reads
n,m (r 1 , r 2 ) = ψ n (r 1,− )ψ m (r 2,+ ) ± ψ m (r 1,+ )ψ n (r 2,− ) 2 We work in natural units with = c = 1 and α = e 2 /(4πǫ 0 c) = α = 1/137.04 the fine structure constant and c = 1973.2ÅeV. The Bohr radius is a 0 = 2 /(m e α) = 0.51Å. We compare first order, ∆E 1 , and second order, ∆E 2 , perturbation theory with the pure VdW approximation ∆E VdW = −6m e c 2 α 2 (a 0 /r) 6 . All calculations use the closure approximation.
with S nm (r) the corresponding overlap integral, fulfilling S n,m (0) = δ n,m and S n,m = O(e −2r/a 0 ). This generates a coupled channel matrix Hamiltonian what eigenvalues provide the H-H adiabatic energy, E HH (r) → 2E H for r → ∞. The nowadays standard variational approach pioneered by Heitler and London [18] and culminating with the benchmark determination of the ground state dissociation energy [19] does not accurately work at very long distances, and thus perturbation theory might be preferable. Taking H 0 = H 1 + H 2 as the unperturbed Hamiltonian and V 12 as the perturbation, one can determine the potential energy shift of the system at a fixed proton-proton separation r in perturbation theory, which to second order reads,
In the case of the H 2 molecule the calculation was undertaken in 1930 by London and Eisenschitz [20] in the closure approximation (CA) 3 . We have reproduced the analytical calculation [21] and the results are presented in Fig. 1 . Already in ∆E 1 (r) the finite atomic size yields effects which are ∼ e −2r/a 0 . An interesting feature is that due to the finite atomic size, ∼ a 0 , second order in perturbation theory is finite at zero separation, |∆E 2 (0)| < ∞. Actually, for r → 0 we expect the exact behaviour V H−H (r) − α/r → E He − 2E H . In the CA we get E CA He = −110eV to be compared with E exact He = −79eV. At large distances only the second order 3 This somewhat crude approximation corresponds to replace n 0
Note that the sum includes also continuum e − p states. direct term in Eq. (5) contributes yielding,
where in the CA C n = −c n m e c 2 α 2 a n 0 with c 6 = 6, c 8 = 135, c 10 = 7875/2, about 5% accurate compared to exact values (see table 1 ). For n ≫ 6 one has C n ∼ (a 0 ) n n! which means that the VdW series represents a diverging asymptotic expansion. As it usually happens in such a case, for a fixed order of the truncation, this poses a lower limit on the distance below which it makes no sense improve the calculation. Usually, only the terms with n = 6, 8, 10 are retained. 4 Calculations show that, so far, corrections are always negative, i.e. C n > 0 as could be inferred from the Lieb-Thirring universal bound [23] which establishes that generally V(r) < −c/r 6 for any pair of atoms with underlying Coulomb forces such as in Eq. (2) . The positivity of the C n 's will prove essential in what follows. As we see in Fig. 1 in the H 2 case the Van der Waals force dominates for distances of about 5Å. Actually this corresponds to an energy which is comparable to the environmental translational thermal energy k B T ∼ 1/40 eV [24] . Clearly in the ultra-cold region the VdW force dominates. Therefore, a VdW theory should work in a very broad range of distances and wavelengths.
The VdW potentials are valid assuming large distances r ≫ a 0 and low energies p 2 /(2µ) ≪ ∆ = E 1 − E 0 so that intermediate excited states do not contribute dynamically. Thinking of the molecular wave function like e.g. Eq (4), at large distances we may neglect the exchange term with accuracy O(e −r/a 0 ), and the coupled channel Hamiltonian reads
This problem may quite generally be decomposed within the total multichannel Hilbert space into the P-space (elastic) and Q-space (excited) states [25] , where P = |0, 0 0, 0| and Q = 1 − P are the corresponding projection operators. This yields the box-matrix structure
where in the Born-Oppenheimer approximation all these potentials are local functions of the inter-nuclear separation r. Eliminating the unobserved channels we get the effective optical potential
which develops an imaginary part if the first inelastic threshold becomes open. The important point is that if the complete underlying electronic Hamiltonian, Eq. (1) is energy independent, then for
4 See e.g. the impressive calculation in Hydrogen up to C 32 [22] for which we can fit a behaviour C n ∼ (1/2) n n! in atomic units. In the CA we have C The underlying local and energy independent dynamics has consequences in the low energy EFT representations of the VdW interactions (see Section 6).
Universal Scaling Theorems
We review here some results found in a previous work [26, 27] (for a short review see e.g. [28] ),within a nuclear physics and multichannel context which will prove useful in the analysis of VdW forces . Our starting point is the finite energy scattering state Schrödinger's equation for the relative wave function between two particles of masses m 1 and m 2 which interact through a central potential,
where
is the reduced mass, k = p/ = 2π/λ the wavenumber and u(r) the reduced wave function. We will neglect finite size and exchange effects and take V(r) given just by Eq. (6) where C n are the standard VdW coefficients which are computed ab initio from electronic orbital atomic structure calculations [29] . The potential in Eq. (6) can conveniently be rewritten as
where R 6 = (2µC 6 ) (12) can be truncated in a meaningful way, i.e. when the neglected terms can indeed be considered negligible in scattering and bound state properties. This question is intriguing since at short distances the more singular terms are manifestly more divergent. Actually, the range where C 8 yields an important correction but C 10 is still small is g
which in view of table 1, g 2 ∼ g 2 1 , becomes extremely narrow or inexistent.
To determine the solution of Eq. (11) it is necessary to give sensible boundary conditions at the origin and infinity. For the usual regular potentials there are a regular and irregular solution at the origin, and the regularity condition u(0) = 0 fixes uniquely the solution. However, since the potential is singular and attractive there are two linearly independent solutions, so regularity at the origin does not select a unique solution. Indeed, at short distances the De Broglie wavelength is slowly varying, d[U(r)] − 1 2 /dr ≪ 1 and hence a WKB approximation holds [6, 7] , yielding for r → 0
where R n = (2µC n ) 1/(n−2) corresponds to the highest VdW scale considered in Eq. (6) (see also Eq. (12). The phase ϕ k is arbitrary and could, in principle, be energy dependent (see below.
To fix ideas we will restrict to l = 0, s−waves. For a positive energy scattering state it is convenient to use the normalization at very long distances given by
where δ 0 (k) is the scattering phase shift for the l = 0 angular momentum state. For the potential which at long distances behave as Eq. (12) one has the effective range expansion (ERE) [36] 
where α 0 is the scattering length, and r 0 is the effective range. α 0 and r 0 can be calculated from the asymptotic behaviour of the zero energy solution
and using the definition
Next, we use the superposition principle of boundary conditions and write
with u k,c (r) → cos(kr) and u k,s (r) → sin(kr)/k for r → ∞. At zero energy we have
with u 0,c (r) → 1 and u 0,s (r) → sin r for r → ∞. The short distance phase ϕ 0 can be fixed in practice introducing a short distance cut-off, r c . The way to proceed is as follows. Given a scattering length α 0 as input one integrates in from large down to small distances, say r = r c ≪ R 6 whence determining ϕ 0 . To determine ϕ k we do the same but for finite energy states. A relation between both short distance phases can be found as follows [26] . If we build (u
′ and integrate from r c to infinity and use Eq. (18) and Eq. (19) respectively, one gets
which becomes an orthogonality relation if and only if ϕ k = ϕ 0 . This implies that the corresponding Hamiltonian, although unbounded from below becomes self-adjoint on the domain of square integrable functions which have the short distance behaviour, Eq. (13), with the same short distance phase (a common domain of definition). In other words, the short distance common phase, ϕ, labels the particular selfadjoint extension of the Hamiltonian depending on the Van der Waals dispersion coefficients. 5 . One important property is that ϕ is not only energy independent but it must be fixed independently on the long distance potential, and thus encodes all short distance information not accounted for by the truncated potential Eq. (12) . Moreover, there is a further remarkable consequence of the energy independence of ϕ obtained by expanding the integrand in Eq. (20),
whereas the functions A, B, C and D are even functions of k which depend only on the potential and are given by
Note that the dependence of the phase-shift on the scattering length is wholly explicit; cot δ 0 is a bilinear rational mapping of α 0 . This is just a manifestation of the underlying Moebius transformation well known from the theory of ordinary differential equations discussed in [27] . The 5 The energy independence can also be deduced from the smallness of the wave function at small distances.
obvious conditions A(0) = D(0) = 0 and B(0) = C(0) = 1 are satisfied. The limiting procedure poses no problem in principle, and the divergence of the potential at short distances has been eliminated by demanding a finite physical scattering length. This is equivalent to a renormalization condition at zero energy. We will analyze below other alternative renormalization conditions based on one bound state. The effective range is defined by Eq. (17), and using Eq. (19) we get
depend on the potential parameters only. The interesting feature of the previous equations is that all explicit dependence on the scattering length α 0 is displayed by Eq. (26 ) . This is a universal form of a low energy theorem, which applies to any potential regular or singular at the origin which falls off faster than 1/r 5 at large distances. Since the potential is known accurately at long distances we can visualize Eq. (26) as a long distance (VdW) correlation between r 0 and α 0 . 
and
whereĀ,B andC are purely geometric numbers, and A ,B, C and D are functions which depend solely on the functional form of the potential. Thus, if a potential has a single scale the phase-shift can be computed once and forever for a given energy. This allows to compare quite different physical systems which have identical long range forces but different short distance dynamics. A remarkable consequence of Eq. (30) is that if α 0 ≫ R then r 0 ∼ R whereas α 0 ≪ R implies r 0 ≫ R.
The Pure −1/r 6 VdW force
For the pure 1/r 6 case one has an analytical solution for the zero energy state so that the effective range can be computed analytically [10, 11] 
in agreement with the general result, Eq. (30). In Fig. 2 we confront the prediction for the effective range to the result of many ab initio calculations. As we see the agreement is rather impressive, meaning that for many practical purposes Eq. (32) and Eq. (30) summarize the relevant information on the, about a hundred, data. In Fig. 3 we show the VdW universal functions A(k), B(k), C(k) and D(k) uniquely determined by the VdW potential and which need that the scattering length be specified separately to obtain the phase shift (see Eq. (31). One important issue has to do with the cut-off dependence. From a Callan-Symanzik renormalization group type argument one has [27] 
when α 0 is fixed. This in turn means that for U(r) ∼ −R 4 6 /r 6 and using u k (r c , r c )/k ∼ (r c /R 6 ) 3/2 /k one has that finite cutoff corrections scale as
Thus, the short distance cut-off r c is a parameter for kR 6 ≫ 1 but becomes innocuous otherwise when r c ≪ R 6 implying that universality is robust. We show for a sample case in Compared to several calculations [37] (Li-Li,Na-Na), [38] (Na-Na), [39] (Cs-Cs), [40] (Cs-Cs), [41] (Na-Rb), [42] (Be-Be), [43] (Cs-Rb), [44] (Cr-Cr), [45] (Fr-Fr), [46] (H-H), [47] (H-H), [48] (H-H), [49] (H-H). Fig. 4 the phase shifts for fixed energies, where the rather smooth converging pattern can be clearly confirmed.
Turning to the negative energy bound states with E = − 2 γ 2 /(2µ), the behaviour at long distances is
whereas at short distances the energy dependent boundary condition, Eq. (13) , holds. Orthogonality to the zero energy state requires that
This relation explicitly yields the scattering length from a given bound state. Inverting the formula we get, the energy spectrum, E n = − 2 γ 2 n /2µ for a fixed value of the scattering length and a fixed potential 6 . This relation determines 6 Using the WKB method one obtains (see also Ref. [27] )
where c is a constant of order unity. Thus if we happen to have a zero energy state, γ 0 = 0 then c = 0 and the bound states are E n = −116.08n 3 2 /(2µR 2 ) counting downward in the spectrum. the energy spectrum E n from the scattering length α 0 and the potential. Conversely, we can get the scattering length α 0 from a given bound state wave number γ. In Fig. 5 we display the lowest bound states as functions of α 0 for the pure VdW potential in scaled units. Such an universal plot allows also to deduce the scattering length from the knowledge of the weakly bound states in a complete model independent way. We may ask how should the neglected higher order 1/r 8 ,1/r 10 , etc. terms in the potential affect the lowest order 1/r 6 calculation. To this end we show in Fig. 6 the effect of adding the term 1/r 8 to the potential, see Eq. (12), in the s-wave phase shift fixing the scattering length α 0 to the same value. In view of the rather small g 1 ∼ 10 −2 values listed in table 1 we expect tiny corrections at even large energies kR 6 ∼ 10. This result not only shows a clear dominance of the leading dispersion coefficient C 6 but also that scaling of VdW forces holds beyond naive dimensional es- timates, kR 6 ≈ 1. This raises the question on the usefulness of including higher order dispersion coefficients such as C 8 and C 10 since the region where they can distinctly be disentangled without entering the finite size regime is extremely narrow. This is also seen in the bound state spectrum displayed in Fig. 5 since for γR 6 < 10 a rather tiny energy shift is observed in the closest states to the continuum.
Phenomenological potentials
In our way of treating the renormalization of VdW forces, we need not specify the value of the scattering length, α 0 , since it exactly factors out in the expression for the phase shift (see Eq. (31)). However, to predict scattering phase shifts a particular value of α 0 must be used. It is interesting to analyze the results from a comparative perspective with the so called realistic inter-atomic potential models, which aim at a description through the entire range of distances. Thus, one can deduce from those the value of the scattering length. The advantage of such potentials is that they provide a complete description of the interaction throughout the entire separation range. However, many of its features cannot be deduced accurately from first principles calculations. In contrast, the long range part of the interaction has a well accepted form in terms of a few parameters, say C 6 , C 8 , C 10 which, in principle, can be evaluated from ab initio atomic structure electronic wave functions.
Most modern inter-atomic potentials include the asymptotic Van der Waals long distance behaviour. They are generally written as the sum of a long range dispersive term and a short distance term with a core which reflects the impenetrability of two atoms. To keep the discussion as simple as possible in terms of the number of parameters, and for illustration purposes, we will analyze the venerable Lennard-Jones potential, which we write as
where we have chosen to scale the potential in the long distance VdW units R = R 6 = (2µC 6 ) 1 4 . The value of the dimensionless constant g determines the classical turning point U LJ (gR 6 ) = 0. In these form the minimum of the potential is at r min = 2 1 6 R 6 and U min = −1/(4g 6 R 2 6 ). A relevant dimensionless parameter is the total number of bound states, which obviously increases as the repulsive term is shifted towards the origin. Within a WKB approximation the number of bound states is given by
where a = gR 6 is the zero energy classical turning point. For g = 0.0365 we get N WKB = 100, for g = 0.0517491 we get N WKB = 50 and for g = 0.115715 we get N WKB = 10. Using the VdW scaled units one can predict the scattering length α 0 from the LJ potential and the phase shifts unambiguously for any value of g. The result is displayed in Fig. 7 . According to Levinson's theorem any time the scattering length jumps from −∞ to +∞ a new bound state dives from the continuum into the negative energy spectrum. In Fig. 7 we display the effective range as given by Eq. (17) . The divergent values of r 0 correspond, according to our low energy theorem, to points where the scattering length goes through zero. The very strong sensitivity to the precise location of the position of the core is manifest. In Fig. 7 we compare the universal and renormalized VdW effective range formula with the actual values deduced from the Lennard-Jones potential for a different number of bound states N = 1, 5, 15 (plus or minus one). The minima in the curve corresponds to a value of the scattering length passing from −∞ to +∞ which corresponds to entering a new bound state in the spectrum. As one sees in the LJ case there is a multivalued function reflecting the multiple branches already observed in Fig. 7 . The rather universal pattern of this figure is striking because it explicitly shows that to very small uncertainties the value of the scattering length largely determines the value of the effective range, regardless on the precise number of bound states. The only remarkable exception corresponds to the case with no bound states where the zero energy turning point is located at increasingly large distances.
In a sense these correspond to almost low energy identical situations, where additional bound states are hosted by the potential as the short range repulsion is displaced towards the origin. Moreover, one expects that the largest discrepancies from renormalized VdW and LJ should take place in the case of large scattering lengths, since a larger sensitivity to short distances is displayed in such a case. Actually, this is what happens. We note that there is a relatively constant shift between r LJ 0 and r VdW 0 of about 0.5−1.0 for |α 0 | > 10R 6 . However, the renormalized theory works better the larger the number of bound states and also for small scattering lengths, since as we discussed in the previous section for α 0 ≫ R 6 large distances dominate. A relevant question is whether renormalization theory as explained above can account for the behaviour of the phase shifts in a energy region where the De Broglie wavelength is larger than the short distance kR 6 g ≪ 1 provided the scattering length α 0 is the same. The result is shown in Fig. 8 for a variety of values of g which cover several cases with large and small scattering lengths as compared to the VdW radius. We see the anticipated similarity despite the fact that both potentials are completely different at short distances. Actually, the phase-shifts are indistinguishable for kR 6 ≪ 1, but they go hand in hand far beyond this expected region; what matters is kR 6 g ≪ 1. On the other hand, the ERE given by Eq. (15) truncated to second order, i.e. taking v 2 = 0 only works for kR 6 ≪ 1. In a sense this is equivalent to "seeing" the Van der Waals force in a scattering experiment. The point of renormalization theory is that it yields model independent results and hence any discrepancy with data can be clearly attributed to a deficient incorporation of the long distance physics.
The Effective Field Theory and its limits
At very low energies the interaction between neutral atoms can be handled by an effective range expansion, Eq. (15), where the long range character of the VdW potential becomes manifest in the third term of the expansion. However, if only the first two terms are retained
there arises the interesting possibility of universally representing long range forces on equal footing with short range interactions. We may judge the quality of such an appealing approximation by comparing Fig. 8 the result of the renormalized VdW theory with the ERE. As we see the expansion truncated to second order breaks down at low energies, namely kR 6 ≪ 1, as expected. Under these very restrictive conditions the problem can be advantageously treated by using EFT methods, which are based on the compelling idea that at such long wavelengths atoms behave as elementary structureless particles. This point of view has been stressed recently (see e.g. [14, 15] ) with particular fruitful predictions in the three-body problem [50, 16] where Efimov states have been predicted. This is usually done by considering the Lagrangian density
where ψ(x) ≡ ψ(x, t) are space-time canonically quantized fields with Fermi or Boson statistics depending upon the spin nature of the atom as a whole. The irreducible twopoint function is the potential V(x) which is taken as
Usually the coefficients C 0 and C 2 are assumed to be completely arbitrary. The corresponding Lippmann-Schwinger equation can be solved requiring introducing a momentum space cut-off Λ (see e.g. Ref. [51] and references therein) this is equivalent to Wigner's causality condition [57] , as noted in [58] , and combined to the ERE, Eq. 
If there is no potential for r > r c and take r 0 = r VdW we get a universal lower limit for r c . A similar conclusion has been presented recently [59] . The conditions featuring causality in coordinate space as well as off-shell unitarity in momentum space are depicted in Fig. 9 , and suggest that modelling a finite range of VdW forces by an effective Lagrangian such as Eq. (40) requires assuming a cut-off distance larger than the VdW length.
Conclusions
Renormalization ideas can profitably be exploited in conjunction with the superposition principle of boundary conditions in the description of model independent and universal features of the VdW force. Our main points are -Van der Waals interactions between neutral atoms obey scaling rules which allow to determine the scattering and binding properties universally. They are well satisfied phenomenologically and extend much beyond low energy approximations such as the effective range expansion. -There is a clear dominance of the leading C 6 contribution in a rather wide energy range. The range where higher order corrections due to C 8 or C 10 provide a distinct correction yet the finite size effects can still be neglected is extremely narrow or inexistent. -Van der Waals potentials can be represented by short distance contact interactions under restrictive conditions based on causality and off-shell unitarity which are independent on the value of the scattering length. It is inconsistent to model VdW forces assuming a cut-off distance smaller than the VdW length.
